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OBSERVATIONS ON PELL NUMBER AND PELL LUCAS 

NUMBER 
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ABSTRACT : 

Pell number together with Pell Lucas number have been analysed. Some identities among 
these numbers are presented. 
KEYWORDS: Pell number, Pell Lucas number. 
INTRODUCTION: 

Number is the essence of Mathematical calculation. Varieties of numbers have variety of 
range and richness. Many integers exhibit fascinating properties, they form sequences, they form 
patterns and so on [1-23]. In this communication we consider twin sequences Pell numbers and 
Pell Lucas numbers and some identities relating themselves. 
Properties: 

\.PL 2 n =piB2(-ir §f^T^^^^^Tf jFI 

Proof: 

PL 2 n =[(\ + 42) n +(1-V2)"] 2 

= (1 + V2) 2 " + (1 - V2) 2 " + 2(-l) n 
= PL 2n +2(-iy 
PL] =PL 2n +2(-l)" 
2.PL ? =8P„ 2 +2(-l)" 
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Proof: 

PL 2n =(1 + V2) 2 "+(1-V2) 2 " 

= a + 4iy - (i - 4iy ] 2 + i{-iy 

= 8P„ 2 + 2(-l) n 
PL 2n =SP n 2 +2(-iy 

3. PL 3 „=PLl-3PL„(-iy 
Proof: 

PL 3n -(1 + V2) 3 "+(1-V2) 3 " 

= a + V2) n + (i - V2) n f + 3(-i) n [(i + 4iy + a - V2) n 

= PL 3 -3(-l)"PL„ 
PL 3 „=PL 3 -3PL„(-ir 

4. PL 4 „=FL:-4PL 2 (-l)' ! +2 



Proof: 



PL 4 „ =(1 + V2) 4 "+(1-V2) 4 " 

= PL 4 n -4(-iypL 2n -6(-iy 

= PL A n -A(-\)"PL 2 n +2 
PL 4n =PL 4 n -4PLl(-iy+2 



(Using Property 2) 



5.PL n+2 -3PL n =SP n 



Proof: 



PL n+2 - 3PL n - (1 + V2)" +2 + (1 - V2) n+2 - 3[(1 + 4l) n + (1 - V2)" 

= 2V2"[(1 + V2)" - (1 - V2)" 
= 8P„ 



PL n+2 -3PL n =SP n 



6. PL n+2 -2PL n+1 -PL n =0 



Proof: 
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PL n+2 - 2PL n+l - PL n = (1 + V2)" +2 + (1 - V2)" +2 - 2[(1 + V2)' ,+1 + (1 - V2)" +1 J- [(1 + V2> + (1 - V2f J 



= (1 + V2)"(0) + (1-V2)"(0) 
= 



PL n+2 -2PL n+1 -PL n =0 



V. 2(3P„ +1 -P„ +2 ) = PL„ 
Proof: 

2(3p b+1 - p n+2 ) = 2^= [d + 4ir l - a - 4i y 



+1 



2V2 



(l + V2) n+2 -(l-V2)" +2 



= ^2V2[(1 + V2)"+(1-V2)" 
2V2 L J 



2(3P n+l - P n+2 ) = PL„ 

8. PL„PL„ +1 -8P„P n+1 =4(-l)" 
Proof: 



PL n PL n+l = 



(1 + V2)" + (1 - V2)" J [(1 + V2)" +1 + (1 - V2)" +1 J 

= f(f+Sg) 



2V2 



8P„p„ +1 =8|^=[(i+V2r-(i-V2r 

PL„PL„ +1 - 8P„P„ +1 = /(/ + Jig) - g(g + V2/) 

/■2 2 
= / -g 

= 4(-l)" 

where / = [(1 + 4l) n + (1 - V2)" Jand g = [(1 + V2) n - (1 - V2) n 
Hence PL„PL n+1 - 8P n P n+1 = 4(-l)" 

9. PL n PL n+l + 8P n P n+1 is written as a difference of two squares. 
Proof: 



(1 + V2)" +1 -(1-V2)" +1 
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= (f + 42g) 2 -g 2 
where / = [(1 + + (1 - 42)" Jand g = [(1 + V2) n - (1 - V2)" J 
Hence PL n PL n+l + SP n P n+l is written as a difference of two squares. 
10. 6(PL n PL n+1 + SP n P n+l + SP 2 )is a nasty number. 
Proof: 

(1 + V2)" +(1-V2)"J [(1 + V2)" +1 +(1-V2)" +1 

= f{f+4ig) 
i 



8P B p n+1 =8|^=[(i+V2r-(i-V2r 

= g{g + 42f) 



— U[(l + V2)" +1 -(1-V2)" +1 
2V2 



8P„ 2 = 8 



8 

_ 2 



-[(1 + V2)" -(1-V2)" 
8 



6(PL„PL„ +1 + SP„P„ +l + SP 2 ) = b[(f + 4lgf - g 2 + g 2 J 
where / = [(1 + V2)" + (1 - V2)" Jand g = [(1 + V2) n - (1 - V2)" J 
6(PL n PL n+l +&P„P n+l +SP 2 is a nasty number. 



11.6 
Proof: 



(PL -PL ) 2 

PL„PL n+l +SP„P n+l + K " +1 2 " J 



is a nasty number. 



PL n PL n+1 = 



(1 + V2) " + (1 - V2 ) " J [(1 + V2)" +1 + (1 - V2) n 
= /(/ + V2g) 

1 l\ /r.„ . .1 1 li + ^y^_(i_^y 

2V2 

= g(g + 4lf) 

PL n+l -PL n =[(1 + V2)" +1 +(1-V2)" +1 J-[(1 + V2)" +(1-V2)" 
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= V2g 

(PL n+1 - PL n f , 



PL n PL tl+l +SP„P ll+1 + 



(PL n+l -PL n y 



= 6 



(f + 42gf-g 2 +g : 



PL l1 PL tl+l +SP ll P n+l + 



(PL n+l -PL n Y 



= e[{f + 42 g ) 



2 2,2 



= 6[(/+V2g) 

where / = [(1 + V2) n + (1 - V2) n Jand g = [(1 + V2) n - (1 - V2)" 

(PL n+1 -PL n ) 2 



PL n PL n+1 +SP n P n+l + 



12. PL PL = 2m 2 " 



is a nasty number. 



According as m-nis even or m - n is odd. 



Proof: 



P7" P7" = 

m+« m—n 



(1 + V2)"' + " + (1 - V2) m+ " j(l + V2)" w ' + (1 - 42)'"-" I 



= (1 + V2) 2m + (1 - V2) 2m + (1 + V2) m (1 + V2) n (1 - V2) m (1 - 42Y n + (1 + V2)'" (1 + V2)"" (1 - V2) m (1 - V2)" 



PL 2m +(-l) m -" J PL 2 „ 



PL 2m + PL 2n 

Hence PL . PL - < According as m — n is even or m-nis odd. 

m+ n m-n |„ _ p j 6 

pt3 — sp 2 pj3 + 8 p 2 

13. ( — "— — - ,2sf2P n PL n , — — — -) forms a Pythagorean triplet. 
Proof: 
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PT 2 — 8 P 2 

" ^ = 4(1 + V2)"(1-V2)" 

2 



i4ip n PL n = (a + V2)" ) 2 - (a - V2~r ) 2 

^ = ((1 + V2)") 2 +((1-V2)") 5 



PL 2 + 8P 2 



Pi} — 8P 2 Pl3 + 8P 2 

Hence . ( — ^ — =- ,l4lP n PL n , — — — =-) forms a Pythagorean triplet. 

14.PL„ +1 +PL„=4P„ +1 



Proof: 



PL n+l + PL n = [(1 + V2)" +1 + (1 - V2)" +1 J+ [(1 + 4l) n + (1 - V2)" J 
= 2[(1 + V2)" + (1 - V2) n J+ V2"[(l + V2)" - (1 - V2)" 
= V2[(1 + V2)" +1 +(1-V2)" +1 J 



= 4P 



n+1 



PL n+1 + PL n = 4P„ +1 



15. PL„ +1 -PL„=4(P n+2 -2P„ +1 ) 
Proof: 

PL n+l - PL n = [(1 + V2)' ,+1 + (1 - V2)' ,+1 J- [(1 + V2)" + (1 - V2)" 
= V2g 



(1) 



4(P„ +2 - 2P„ +1 ) = A^-= {(1 + V2)" +2 - (1 - V2)" +2 ]- 2[(1 + V2)" +1 - (1 - V2)" +1 J 



= V2g 

g = [(l + V2)"-(l-V2)" 
From (1) and (2) 
PL n+l -PL„=4(P n+ 2-2P n J 
16. PL\ -64P„ 4 =64(-l)"P„ 2 +16 
Proof: 



(2) 
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PL 4 -64P 4 = 



(1 + V2)" +(1-V2)" 



64 



= S(-l)"PL 2n 
= 8(-l)"[8P„ 2 +2(-l) B ] 
= 64(-l)"P, 2 +16 
PL 4 -64P„ 4 = 64(-l)"P„ 2 +16 
Also PL 4 -64P„ 4 =8(-l)" PL 2 -16 
PL 4 n -64P n 4 =8(-l)" PL 2 „ 

= 8(-1)"[pL 2 -2(-l)"] 
= 8(-l)" PL 2 -16 
Hence PL 4 -64P, 4 =8(-l)" PL 2 -16 



-!=((! + V2)"-(1-V2)") 



(By Property (2)) 



(By Property (1)) 



CONCLUSION: 

To conclude one may search for other patterns and their properties. 
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